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This paper presents one-dimensional analytical, three-dimensional numerical and experimental results
for shape control of beam-type structures. The beam structures under consideration are assumed to be
slender and the surface of the elastic substrate is covered by several piezoelectric patches whose elec-
trodes are connected by a resistor network. In general, the structure will deform, if an external load acts
on the system and no control action is present. Therefore, the question arises how to choose the network
conﬁguration, in order to completely suppress deﬂections or vibrations at several desired locations along
the beam axis. This aim is also known as shape control. As a practical example, a cantilever beam sub-
jected to a tip-force is considered. First we present shape control results for the one-dimensional
extended Bernoulli–Euler theory and three-dimensional ﬁnite element calculations with ANSYS for static
loads and time-harmonic excitations. Then the theory is veriﬁed by an experimental setup and it is shown
by several frequency sweep excitations and by a monofrequent harmonic excitation close to the ﬁrst
eigenfrequency that shape control may be achieved approximately, proving the applicability of the pro-
posed control method.
 2015 The Authors. Published by Elsevier Ltd. This is anopenaccess article under the CCBY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
During the last two decades tremendous efforts have been
made in the research and the application of piezoelectric transduc-
ers. The piezoelectric effect provides the possibility to transfer
energy from the mechanical to the electrical domain. This interac-
tion principle can be exploited to control the motion of elastic
structures (actuation strategy) or to sense the mechanical strain
of surfaces (sensor strategy). Taking advantage of actuation and
sensor strategies in combination with intelligent electric circuits,
vibrational energy might be converted into electrical energy and
stored by batteries (energy harvesting). Reviews on piezoelectric
devices, ranging from theoretical models to applications, have been
presented e.g. by Crawley [1], Mason [2], Chopra [3], Tzou [4] and
Irschik et al. [5]. The modeling assumptions for piezoelectric com-
posite beams used in this contribution (i.e. framework of
Bernoulli–Euler, equivalent single layer theory, perfect bonding)
follow the derivations by Krommer [6]. For more advanced elec-
tromechanically coupled theories for beams, including higherorder shear deformation theories or the inﬂuence of the charge
equation of electrostatics, the reader is referred to Krommer and
Irschik [7] and Benjeddou et al. [8,9].
This contribution deals with the actuation capability of piezo-
electric transducers. In particular, a new method for shape control
is presented. This method belongs to the class of feed-forward con-
trol methods. Shape control means to manipulate the control
action of a given elastic system in such a manner that the displace-
ment or the vibration is zero at some locations, see Irschik [10]. In
our case, this is achieved by a certain distribution and actuation of
the piezoelectric control agencies based on an inverted mathemat-
ical model. From a mechanical point of view, an inverse problem is
solved, so that the system behaves in a desired way. For piezoelec-
tric systems this is the determination of the voltages of the piezo-
electric elements.
Shape control problems are inversely-posed mathematical
problems, where even linear systems might have no solution, one
solution or several solutions. A simple example without solution
is a clamped–clamped beam with a constant distribution of the
piezoelectric layer. Vibrations of this beamwill not occur, if an elec-
tric voltage is applied across the electrodes, see Hubbard and Burke
[11]. Depending on the kinematical boundary conditions and the
number of redundancies, constant or linear layer distributions
may exist for statically indeterminate beams, which are unable to
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shape functions and are described by Irschik et al. [12,13].
Consequently, the nil-potent distributions may be added or sub-
tracted to arbitrary layer distributions without changing the beam
response. The notion shape control was introduced by Hafka and
Adelman [14] by imposing a prescribed temperature ﬁeld working
as an actuation mechanism to avoid deformations caused by exter-
nal disturbances. For slender piezoelectric beams, force induced
vibrations are annihilated, if the quasi-static bending moment of
the smart control devices is equal, but reversed in sign to the
moment caused by the external forces, see Irschik et al. [13]. This
was veriﬁed by an experimental setup of Nader [15]. Irschik and
Pichler [16] showed that the distribution of the actuating stress
has to be equal to the statically admissible stress in order to avoid
vibrations of linear elastic structures. Further applications of shape
control include the following: Austin et al. [17] designed and con-
structed adaptive wings, which included actuators to minimize
the aerodynamic performance. Agrawal and Treanor [18] mini-
mized a quadratic cost function of an unloaded cantilever, which
contains the error between desired and achieved static deﬂection,
to obtain the best locations for the piezoceramics actuators. In
Bruch et al. [19] optimal lengths and locations of piezoelectric patch
actuators and voltage sources are calculated, so that the maximum
deﬂection of a loaded beam is minimized. A novel technique for
composite plates, where the actuator orientation improves the
shape control performance, is demonstrated in Chee et al. [20].
Another recently publishedwork dealingwith shape control is from
Foutsitzi et al. [21], who calculate the optimal locations and volt-
ages of piezoelectric patches based on a genetic algorithm. A novel
piezoelectric actuator, which might be a candidate to realize shape
controlmethods onmore complex structures, was presented by Ray
and Batra [22]. They investigated the performance of carbon nan-
otube (CNT) reinforced 1 3 piezoelectric composite and they
found that the damping capability is signiﬁcantly higher than that
of other piezoelectric composite without CNTs.
Static and dynamic shape control of a cantilever beam is per-
formed in Schoeftner and Buchberger [23], where displacements
and/or structural oscillations at several locations along the beam
are nulliﬁed. Only one voltage signal is prescribed and the patch
actuators are connected to a resistive circuit. Shape control for
beams is also possible for passive structures: if the piezoelectric
patches are attached to suitable electric circuits and if the width
of the piezoelectric layer is proportional to the quasi-static bending
moment distribution, the displacement due to time-harmonic
loads is completely suppressed, see Schoeftner and IrschikFig. 1. Elastic cantilever with eight piezoelectric patches on each side. The applied voltag
resistors Rij . The inner electrodes and one link of the terminal resistance R89 are ground[24,25]. An extension of shape control for shear-deformable beams
is presented in Irschik and Nader [26]. They use Mohr’s analogy for
determining the proper location and the length of one piezoelectric
patch to control the deformation and the cross-sectional rotation.
Shape control with conductive electrodes is performed in
Schoeftner et al. [27]. The underlying theory which couples the
Bernoulli–Euler beam assumptions, piezoelectric and electrical
relations is presented in Buchberger and Schoeftner [28].
The present study is a continuation of the concepts presented in
Schoeftner et al. [23,27] and the patent of the authors [29], espe-
cially the practical application: we present an experimental veriﬁ-
cation of the shape control concept based on a resistive circuit. This
paper is structured as follows: ﬁrst, the piezoelectric beam theory,
taking into account the presence of piezoelectric patch actuators, is
brieﬂy summarized, see Schoeftner and Irschik [30]. Motivated by
the fact that perfect annihilation of beam vibrations can be
achieved by solving only the corresponding quasi-static problem,
see Irschik et al. [12,13], we ﬁrst give a general solution of the sta-
tic beam problem. These solutions are obtained by applying the
method of inﬂuence functions, yielding the advantage that the
solution can be split up into two parts: one part only depends on
the external load and the other one depends on the voltage of
the piezoelectric actuators. By knowing the inﬂuence functions
for external loads and patch voltages, one can solve for the neces-
sary patch voltages in a ﬁrst step, if a certain displacement is pre-
scribed. Then, in the second step, since we allow prescribing only
the maximum andminimum electric voltages across the electrodes
of the piezoelectric actuators, the resistive electric circuit is
designed. The theory is veriﬁed in the static and the dynamic
regime for the one-dimensional beam model and for a
three-dimensional ﬁnite element simulation. The main innovation
of our contribution is the experimental validation of our theory.
We present an experimental setup which can be further improved
for future more complex applications of the concept. The
tip-displacement responses of the beam are measured for various
excitation signals, validating our theory with experimental results.
Furthermore, practical limitations of our shape control theory are
discussed, in particular the inﬂuence of the resistive circuit.2. Equations of motion of a slender Bernoulli–Euler beam with
attached piezoelectric patches and resistive circuits
This section brieﬂy summarizes the main results of our group
for modeling of a slender Bernoulli–Euler beam with piezoelectrice V0ðtÞ acts on only the ﬁrst patches. A voltage drop over the patches is forced by the
ed.
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of the results in this section, the reader is referred to Schoeftner
and Irschik [30]. Here the substrate is assumed to be elastic. The
inner electrodes of the piezoelectric patches are grounded, the
external ones are linked to a resistor network (Fig. 1). The results
given in Sections 2.1 and 2.2 are taken from Schoeftner and
Buchberger [23].
2.1. Mechanical equations
The equation of motion for the bending vibrations w0ðx; tÞ of a
slender piezoelectric beam within the framework of the
Bernoulli–Euler theory with the piecewise constant mass per unit
length Mw and the bending stiffness KM reads
Mw €w0ðx; tÞ þ KMw0;xxxxðx; tÞ ¼ qzðx; tÞ; ð1Þ
where the external load is denoted by qzðx; tÞ.
The bending stiffness KM and the mass per unit length Mw are
piecewise constant properties, which jump at the edges of the nth
patch. At the edges of each patche (xan and x^an), the continuity
equations for the deﬂection, the slope, the bending moment and
the shear force read
w0ðxan;tÞ¼w0ðxþan;tÞ
w0;xðxan;tÞ¼w0;xðxþan;tÞ
KM;elastw0;xxðxan;tÞ¼ KM;elastþKM;piezo
 
w0;xxðxþan;tÞ
þ2~ep31zmpbpVnðtÞ
KM;elastw0;xxxðxan;tÞ¼ KM;elastþKM;piezo
 
w0;xxxðxþan;tÞ
9>>>>=
>>>>;
left edges
x¼ xan
ð2Þ
w0ðx^an;tÞ¼w0ðx^þan;tÞ
w0;xðx^an;tÞ¼w0;xðx^þan;tÞ
 KM;elastþKM;piezo
 
w0;xxðx^an;tÞþ2~ep31zmpbpVnðtÞ
¼KM;elastw0;xxðx^þan;tÞ
 KM;elastþKM;piezo
 
w0;xxxðx^an;tÞ¼KM;elastw0;xxxðx^þan;tÞ:
9>>>>=
>>>>;
right edges
x¼ x^an
ð3Þ
The limits from the left and from the right at xan (= coordinate of the
left end of the patch) are denoted by xan and x
þ
an (in an analogous
manner this also holds for the right end of the patch at x^an). The
Eqs. (1)–(3) fully describe a stepped slender Bernoulli–Euler beam
with piezoelectric patches, where Vn is the voltage over the elec-
trode of the nth patch. The width and the mean layer distance of
the patch to the neutral axis are denoted by bp and zmp, the piezo-
electric modulus by ~ep31. In our case, since we are not allowed to
choose the voltages Vn independently and they depend on the elec-
tric circuit, we need additional equations to calculate them.
2.2. Electrical equations
Fig. 1 shows that the magnitudes of the patch voltage depend
on the resistances R12; R23; . . . ;R89 and on the voltage levels V0
and V9. In this contribution, the latter one is zero (ground).
Taking into account Kirchhoff’s voltage rules (KVR), one ﬁnds
VnðtÞ  Rnnþ1in nþ1ðtÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
DVn nþ1ðtÞ
¼ Vnþ1ðtÞ with n ¼ f1; . . . ; N  1; Ng: ð4Þ
The current ﬂow from patch n to patch nþ 1 is given by in nþ1ðtÞ,
the resistance that links these patches is Rnnþ1, yielding the voltage
drop DVnnþ1.
The total number of patches is denoted by N (in our case N ¼ 8).
Furthermore, Kirchhoff’s current rule (KCR) states that the sum of
ingoing and outgoing current ﬂows at each patch must be zero,
consequently
innþ1ðtÞ in1nðtÞ¼ _Qn;elastðtÞCp _VnðtÞ with n¼f1; . . . ;N1;Ng ð5Þholds. In (5) the piezoelectric capacitance is deﬁned by
Cp ¼ ~jp33bplp=hp. The length and the thickness of the patch are
denoted by lp and hp ¼ z2p  z1p, the effective value of the
strain-free permittivity is ~jp33. The generated charge produced by
the deformation of the patches is
Qn;elastðtÞ ¼ ~ep31zmpbp w0;xðx^an; tÞ w0;xðxan; tÞ½ ; ð6Þ
with the mean distance to the neutral ﬁber given by
zmp ¼ ðz1p þ z2pÞ=2.
On the one hand, the mechanical and the electrical domain are
coupled by the bending moment relation of the continuity equa-
tions (third equations in (2) and (3)), where the voltage VnðtÞ is
needed in the mechanical domain. On the other hand, the result
after inserting (6) into (5) is inﬂuenced by the time-derivative of
the deformation _w0;xðxan; tÞ and _w0;xðx^an; tÞ. Combining the voltage
Eq. (4) and the current Eq. (5) with the governing equations for
the beam lateral motion (1) and its continuity relations (2) and
(3), one obtains 2N þ 1 equations for the 2N þ 1 unknowns
fV2; V3; . . . ;VN1; VNg; fi01; i12; . . . ; iN Nþ1g and w0ðx; tÞ, so that the
equations can be solved.
3. Shape control of the bending vibrations
Motivated by the statement given in Irschik et al. [13] that static
deﬂections as well as structural vibrations (e.g. time-harmonic
deﬂections) of slender beams are annihilated, if the quasi-static
bending moment of the external forces is equal to the
sign-reversed bending moment produced by the piezoelectric
transducers, we imply that a similar statement exists for a beam
with a ﬁnite number of piezoelectric patches (the reader is referred
to the equal-area rule in Irschik and Nader [26] and also to the
experimental studies by Nader [15]). It thus can be expected that
a beam with several patches located at certain locations behaves
approximately in a similar way like a beam with continuously
distributed piezoelectric transducers, when the location of the
patches is properly chosen and the voltages are properly applied.
A general solution of the quasi-static problem of (1)–(3) can be
written as
w0ðxÞ ¼
XJ
j¼1
GFðx; xajÞ Fj  kjw0ðxajÞ
 þXN
n¼1
GV ðx; xanÞVn; ð7Þ
where Fj is a force or a moment and kjw0ðxajÞ is the restoring force of
a spring acting at a certain location xaj. Eq. (7) is an extension of
our previous work [23] by additionally considering an elastic
foundation. The inﬂuence functions are denoted by GFðx; xajÞ and
GV ðx; xanÞ. They describe the deformation at x due to a unit load
acting at x ¼ xaj, or a unit voltage at x ¼ xan.
Assuming that we have Nmeasurement locations and actuation
patches and J external loads, the matrix equation for (7) reads
w^0ðx1Þ
w^0ðx2Þ
..
.
w^0ðxNÞ
2
6666664
3
7777775
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
W0
¼
GFðx1; xa1Þ . . . GFðx1; xaJÞ
GFðx2; xa1Þ . . . GFðx2; xaJÞ
..
.
GFðxN; xa1Þ . . . GFðxN ; xaJÞ
2
6666664
3
7777775
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
GF
F1k1w^0ðxa1Þ
F2k2w^0ðxa2Þ
..
.
FJkJw^0ðxaJÞ
2
6666664
3
7777775
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
FKW0ð Þ
þ
GV ðx1; xa1Þ GV ðx1; xa2Þ . . . GV ðx1; xaNÞ
GV ðx2; xa1Þ GV ðx2; xa2Þ . . . GV ðx2; xaNÞ
..
.
GV ðxN ; xa1Þ GV ðxN ; xa2Þ . . . GV ðxN; xaNÞ
2
6666664
3
7777775
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
GV
V1
V2
..
.
VN
2
6666664
3
7777775
|ﬄﬄ{zﬄﬄ}
V
: ð8Þ
Table 1
Dimensions and material parameters for the experimental setup and the numerical
example.
Variable (unit) Value Variable (unit) Value
qs ðkgm3Þ 2700 qp ðkgm3Þ 7750
z1s ðmÞ 4:00  103 z2s ðmÞ 4:00  103
z1p ðmÞ 4:00  103 z2p ðmÞ 4:40  103
bs ðmÞ 5:00  102 bp ðmÞ 5:00  102
~ep31 ðAsm2Þ 10:94 ~jp33 ðAsV1m1Þ 1:36  108
l ðmÞ 0.5 lp ðmÞ 0.03eC s11 ðNm2Þ 7:22  1010 eCp11 ðNm2Þ 6:29  1010
xaj j ¼ 1; 2; . . . ;8ð Þ 0:0165þ l j 1ð Þ=8 xsi i ¼ 1; 2; . . . ;8ð Þ l i=8
Cp ðAsV1Þ 5:10  108 F0 ðNÞ 0.027
Relec:plung: ðXÞ 45 Lelec:plung: ðHÞ 0.1
melec:plung: ðkgÞ 0.1
J. Schoeftner et al. / Composite Structures 133 (2015) 746–755 749If the vector of the measurement locations should follow a desired
trajectory W0 ¼Wdes, one then should choose for the patch
actuators
V ¼ G1V Iþ GFKð ÞWdes  GFF½ : ð9Þ
In the special case of canceling the displacement Wdes ¼ 0, one
obtains
V ¼ G1V GFF: ð10Þ
Eq. (10) gives the voltage distribution which is necessary for
canceling the displacement Wdes ¼ 0. Now the open question is,
how do we have to design the resistive circuit, so that the voltage
of piezoelectric patches satisﬁes (10)? Considering only the
quasi-static part of the electrical relation, i.e. Cp _Vn  0, one follows
from the current law (5) that the current through all resistors is
equal
i ¼ in1 n ¼ const:; ð11Þ
and consequently, since the optimal voltage distribution is known
from (10), the ratio of the resistors may be obtained from (4) as
Rn1 n
Rnnþ1
¼ Vn1  Vn
Vn  Vnþ1 with n ¼ f2; . . . ; N  1; Ng: ð12Þ
It is interesting to see from (12) that the relative values of the resis-
tors are uniquely determined, but not their absolute values. We will
see in the next section that this may have an effect on the shape
control performance for time-harmonic excitations. The solution
of our shape control method is determined by substituting (10) into
(12): from (10), the maximum and minimum patch voltages are
obtained, and then, by applying (12), the resistors are ﬁxed.
4. Example: Shape control of a cantilever beam – numerical
results and experimental realization
As a benchmark example for the experimental validation of our
theory, we consider a cantilever beam. First, the equations for
shape control (10) and (12) presented above are tested in a com-
puter simulation, where a static and a time-harmonic excitation
load at the free end are assumed (Sections 4.1 and 4.2), then we
describe the experimental realization (Section 4.3) and validate
our theory (Section 4.4).
The geometry and material parameters of the beam conﬁgura-
tion are given in Table 1. The tip-force in the example is assumed
to be F0 ¼ 0:027 N in the static case, and F0ðtÞ ¼ 0:027 cosðxtÞ N in
the time-harmonic simulation. Eight piezoelectric patches are
evenly distributed along the beam axis and glued onto the upper
as well as the lower side of the elastic substrate (=aluminum),
see also Fig. 5. Their dimensions are ðlength width heightÞ ¼
ð0:03 0:05 0:004Þm. The material for the piezoelectric patches
is lead zirconate titanate (PIC 255, see [31]). The resistance and
the inductance of the coil for the electromagnetic plunger are
Relec:plung: ¼ 45 X (including a dummy resistance of 30 X) and
Lelec:plung: ¼ 0:1 H. The mass of the piston, which is ﬁxed with the
end of the beam, is melec:plung: ¼ 0:15 kg.
For the one-dimensional calculation, the cantilever is divided
into 34 ﬁnite elements along the beam axis, two elements are used
for each patch. In order to take mechanical damping into account,
the modal damping coefﬁcient d ¼ 0:012 is approximately
matched to experimental results. For the one- and three-
dimensional numerical simulations, the same damping coefﬁcient
is used for the higher modes.
For the three-dimensional model in ANSYS 12.0, the substrate
consists of 96 8 6 elements in the axial, the lateral and the
thickness directions (x-y-z directions), and each patch is divided
into 16 8 4 elements. The solid brick ﬁnite element SOLID5 istaken to model the patches and the substrate, because it provides
three displacement degrees of freedom (DOF) and, if desired, an
additional DOF for the voltage at each node. For each external elec-
trode the voltage DOFs are kept at the same potential in order to
realize the equipotential area condition. The voltage DOFs of the
internal electrodes are grounded. The electrical resistances are
modeled by the circuit element CIRCU94, whose nodal DOF is the
voltage. These elements are connected to the external electrodes
of the patches. The clamped end is realized in ANSYS by locking
the nodal displacements in all directions.
4.1. Static shape control by a resistive network – numerical results
The static tip-load is taken as F0 ¼ 0:027 N. Therefore, (10)
yields the necessary voltage distribution for canceling
force-caused deﬂections at the measurement locations
xs ¼ xs1; xs2; . . . ; xs8½  ¼ 0:0625; 0:125; 0:1875; 0:25; 0:3125;½
0:375; 0:4375; 0:5m:
VT ¼ V1; V2; . . . ; V8½ 
¼ 6:76; 5:56; 5:00; 3:80; 3:24; 2:04; 1:48; 0:28½ V: ð13Þ
V1 is the voltage of the patch electrode close to the clamping, and V8
is the voltage of the patch at the free end. The distribution of the
patch voltages is an approximately linearly decreasing stair step
function. It is noted that this result is an approximation of the shape
control results with continuous piezoelectric actuation, see Irschik
et al. [12] and Schoeftner et al. [27]. Since only the voltage of two
patches can be prescribed, we set V1 ¼ V0, which is the reference
voltage of the piezo-ampliﬁer. The terminal voltage is V9 ¼ 0V,
which means that this patch is grounded, see Fig. 1. The resistor val-
ues are calculated from the voltage levels. Inserting (13) into (12)
yields
RT ¼ R12;R23; . . . ;R78;R89½ 
¼ 3551:4;1674:1;3536:2;1654:4;3547:2;1659:7;3547:2;829:8½ X:
ð14Þ
The sum of the resistances is Rtot ¼ 20 kX. As one can see from (12),
only the relative ratios of the resistors are related to the necessary
voltage level ratios. So multiplying (14) by an arbitrary positive
number yields the same shape control performance, but this is only
true for static loads. It is shown that the total resistance Rtot will
play a very signiﬁcant role for the outcome in the dynamic case
(see Section 4.4).
The static deﬂection for the ANSYS results (three-dimensional
simulation, dash-dotted lines) and for the discretized Bernoulli–
Euler beam (one-dimensional simulation, straight lines) are shown
in Fig. 2. As expected, the one-dimensional simulation yields the
750 J. Schoeftner et al. / Composite Structures 133 (2015) 746–755same (but opposite in sign) tip-deﬂections for the voltage-loaded
beam and the force-loaded beam at those locations xsi, where the
displacement should vanish (see Fig. 2a, e.g. at xsi ¼ 0:5 m the
tip-deﬂection is 0:00652mm). Superposing both the electrical
and the mechanical load, the ﬁgure on the right shows that the
displacement vanishes at the eight selected measurement
locations xsi (marked by the cross symbols in Fig. 2b).
The displacement for the three-dimensional problem in ANSYS
due to the tip-load is w0ðlÞ ¼ 0:00643 mm. The voltage-loaded
beam yields w0ðlÞ ¼ 0:00628 mm. These results are very close
to the Bernoulli–Euler beam results. If our control method is
applied, the residual deformation is w0ðlÞ ¼ 0:00015 mm. This
means that only 2.3% of the original deﬂection remains.
4.2. Dynamic shape control by a resistive network – numerical results
Now the external force load is taken as time-harmonic
F0ðtÞ ¼ 0:027 cos xtð ÞN. We want to investigate, if the shape
control technique, which has been originally derived for the static
case, can also be applied for harmonic excitations (i.e. the same
design rules as in the static case are applied, yielding a total
resistance of Rtot ¼ 20 kX). The only difference to the static case
is, that the maximum voltage signal is also time-harmonic
V0 ¼ 6:76 cos xtð Þ V, the minimum voltage is again grounded
V9 ¼ 0 V.
In Fig. 3 the frequency responses jw^0ðxÞj of the Bernoulli–Euler
beam are evaluated at x ¼ xs2 ¼ 0:25 l (Fig. 3a) and at the end
x ¼ xs8 ¼ l (Fig. 3b) of the beam. The ANSYS results are shown in
Fig. 3c and d.
The force- and the voltage-loaded beam deﬂections are the
black and the light-gray lines. First, the one-dimensional simula-
tion results are discussed, see Fig. 3a and b. For the limit case
x! 0 rad=s, the tip-deﬂection is 0:00652 mm for the
voltage-loaded and the force-loaded beams, which is identical to
the static results, see Fig. 2. Applying both loads simultaneously,
the displacement vanishes at the locations xs2 and xs8, respectively.
The ﬁrst and second eigenfrequencies are at f 1 ¼ 18:8 Hz and
f 2 ¼ 134:9 Hz. One sees that the force- and the voltage-loaded
beams show nearly the same absolute deﬂections at the free ends:
jw^0ðlÞj  0:24 mm. Applying both loading conditions at the same
time, one ﬁnds a tip-deﬂection at the ﬁrst resonance of
jw^0ðlÞj ¼ 0:012 mm (dark gray), which is a reduction of abouta
Fig. 2. Results for the static deﬂection of the cantilever obtained with ANSYS (dash-
F0 ¼ 0:027 N only; light gray: voltage actuation V0 ¼ 6:76 V only; gray: shape control –95% compared to the uncontrolled beam. For frequencies higher
than approximately 60 Hz, no reduction is observed anymore,
when the above shape control technique is applied. At the second
eigenfrequency, the deformation of the tip-loaded beam of
jw^0ðlÞj ¼ 0:0016 mm is even lower than that of the
shape-controlled beam of jw^0ðlÞj ¼ 0:0055 mm (Fig. 3b).
The reason of the relatively high circuit resistance Rtot ¼ 20 kX
in our example is only because we intend to validate our simula-
tion results with measurement results. In practice the total resis-
tance of the circuit has to exceed a minimum value, since the
ampliﬁer current must be within a certain range. So theoretically,
by keeping the network resistance very small, any desired number
of eigenmodes could be attenuated (see also the discussion in
Section 4.4).
The ANSYS results (Fig. 3c and d) are very close to the
one-dimensional results: the ﬁrst and second eigenfrequencies
are f 1 ¼ 18:9 Hz and f 2 ¼ 135:8 Hz, respectively. For the static
limit x! 0 rad=s, the tip-deﬂection for the voltage-loaded beam
is 0:00628 mm (black), the deﬂection of the mechanically loaded
beam is also in the same range (light gray), see also Fig. 2.
Applying both loads, one ﬁnds the static deﬂection to be
0:00015 mm (gray) only. At the ﬁrst resonance (18:9 Hz), a reduc-
tion of 95 % is observed between uncontrolled and controlled beam
(attenuation from 0.22 mm to 0.011 mm – Fig. 3d). For higher
excitation frequencies, the proposed shape control method also
fails as in the one-dimensional case (i.e. hardly or no reduction
of the vibrations is observed) since the network resistance Rtot is
too high.
4.3. Description of the experimental setup
A photo and a scheme of the experimental setup are shown in
the Figs. 4 and 5, respectively. They show the cantilever beam,
the measurement equipment and the actuation devices. The can-
tilever beam is a slender beam-like structure made of aluminum
(the aspect-ratio thickness to length is 1=62:5 and the ratio width
to length is 1=10).
The clamped boundary is realized by clamping one beam end of
the structure onto a rigid block. At the upper and at the lower sur-
faces of the plate, piezoelectric patches from PI (Physik
Instrumente) are evenly distributed along the beam axis. As glue
material an electrically isolating two-component adhesiveb
dot lines) and with Bernoulli–Euler beam model (straight lines) (black: tip-load
both tip-load and voltage actuation).
a c
db
Fig. 3. Frequency response of the displacement w^0ð0:25lÞ and w^0ðlÞ for the discretized Bernoulli–Euler beam (a, b) and for the ANSYS beam (c, d).
 
Fig. 4. Schematic drawing of the experimental setup (including the data acquisition board, the prototyping breadboard with the electric circuit, the piezoelectric patches, the
electromagnetic plunger and the clamped beam). Additionally, the signal ﬂow from the PC to the ampliﬁers and the DAQ board is shown.
J. Schoeftner et al. / Composite Structures 133 (2015) 746–755 751(Loctite Hysol 9466 a&b) is used. It is found that the perfect bond-
ing condition is nearly fulﬁlled (i.e. a relative motion between the
beam surface and the patch elongation is not observed since this
would yield to signiﬁcantly higher static deﬂections). But it isworth to mention that due to the small thickness of the glue, the
voltage of the inner electrodes cannot be prescribed indepen-
dently, since there is some leakage current between the patch
and the substrate, which keeps all inner electrodes at the same
Fig. 5. Experimental setup for the realization of the shape control technique.
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inner electrodes is identical for all patches, but this may be unde-
sirable for more complex problems.
The electroded surfaces of the patches are linked to
copper-wires by solder joints. The copper-wire of the external elec-
trodes are linked to the resistive circuit, the internal electrodes are
grounded. Two solderless breadboards are used to realize the low-
(Rtot ¼ 20 kX) and the high-impedance (Rtot ¼ 184 kX) resistive cir-
cuits. They allow for an easy modiﬁcation of the circuit at any time
by simply changing the pin positions. For the resistors, carbon ﬁlm
resistors (tolerance 5%) and potentiometers are used. With the
help of the latter ones, the resistors R12; R23; . . . ;R89 may be prop-
erly adjusted by a multimeter (Fluke 189 Digital Multimeter, toler-
ance 0:05% in the range of 5 50 kX), so that the desired resistor
values according to (14) are obtained. The main advantage of the
breadboard is that one can easily connect and disconnect resistors
which makes it ideally suitable for prototyping. Thus one is able
to tune the resistive network for arbitrary ﬂexible structures and
loading conditions. The tip-load excitation is realized by an electro-
magnetic plunger. At the free end, between plunger and substrate, a
force sensor is placed, which measures the force signal applied by
the electromagnetic plunger. The excitation current is provided
by a custom-tailored voltage ampliﬁer with negative feedback.
For the voltage actuation of the patches, a high voltage piezo ampli-
ﬁer (TREK 50/750, gain factor 50) is used. The excitation signal for
the tip-load and the control signal for the piezoelectric actuation
are generated from MATLAB/Simulink and from the Real-Time
Workshop toolbox (Mathworks). By the help of the latter one, the
laptop works as a real time operating system which communicates
with the data acquisition board (DAQ-card NI 6062E and the I/O
connector block SCC-68 with 4 signal conditioning slots from
National Instruments). Then the signal is sent to the ampliﬁers for
the piezoelectric patches (= control signal) and the electromagnetic
plunger (= tip-load). The dynamics of the electric coil, which is gov-
erned by the resistance and the inductance of the coil
(Rcoil ¼ 45 X; Lcoil ¼ 0:1 H! f coil ¼ Rcoil=Lcoil ¼ 450 Hz), is much
higher than the applied excitation frequencies. The ratio between
the input voltage of the ampliﬁer for the electromagnetic plunger
and the tip-force is calibrated by means of the force sensor
(Dytran 1051 V2). The time-domain signal of the displacement ismeasured by the laser displacement sensor ILD2220–10 from le
(MICRO-EPSILON), which is located at the free end of the beam.
Furthermore, a laser scanning vibrometer (Polytec PSV 400-H4) is
able to detect the deﬂection over the surface of the beam (see also
Fig. 8). As measurement device, a PULSE platform from Brüel & kJær
is used to read in the actuation and the sensor signals. Alternatively,
the sensor signal for the tip-displacement can be directly observed
in Simulink via the DAQ-card and the connector block.
4.4. Experimental realization of shape control with resistive circuits
In this section, the simulation and the experimental results are
compared. First a frequency sweep excitation is performed from
15:8 Hz to 21:8 Hz, see Fig. 6. Finally the structure is excited
monofrequently by the tip-load at 18:8 Hz (ﬁrst eigenfrequency),
see Figs. 7 and 8. In both cases a highly (Rtot ¼ 184 kX) and a mod-
erately (Rtot ¼ 20 kX) resistive circuit are used to tune the voltage
at each patch electrode. For the highly resistive circuit, the resistor
values in Eq. (14) are multiplied by 184/20.
In Fig. 6a-d the frequency of the force load (= electromagnetic
plunger) is linearly increased from 15:8 Hz at t ¼ 0 s to 21:8 Hz
at t ¼ 60 s. The tip-deﬂection of the simulation with the
one-dimensional Bernoulli–Euler is shown in Fig. 6a and b: the ﬁrst
ﬁgure presents the results with the low impedance circuit
(Rtot ¼ 20 kX), the latter one those for the high impedance circuit
Rtot ¼ 184 kX. For the case Rtot ¼ 20 kX, the maximal deﬂection of
the uncontrolled beam occurs at t  30 s : jw^0maxðlÞj ¼ 0:23 mm
(dark gray). This is close to the deﬂection of 0:24 mm, which has
been obtained by the frequency response analysis, see Fig. 3b.
The results would match if the sweep would take inﬁnitely long.
Activating the control action between 30 s < t < 38 s, one recog-
nizes, that the deﬂections are strongly reduced. This fact can also
be veriﬁed by the experiment (Fig. 6c), when the displacement is
decreased from 0:25mm to 0:019mm.
Using a highly-resistive circuit (Rtot ¼ 184 kX, Fig. 6b), the con-
trol performance is not as efﬁcient as for the low resistive case, see
also the experimental result in Fig. 6d. The maximal deformation of
jw^0maxðlÞj ¼ 0:21 mm is reduced to 0:065 mm at t ¼ 32 s if the
shape control method is applied. It is interesting to note that the
maximal deﬂections in the uncontrolled cases differ (compare
a c
b d
Fig. 6. Frequency run-up between f ¼ 15:8 Hz and f ¼ 21:8 Hz with and without control (a,b simulation with the Bernoulli–Euler model for Rtot ¼ 20 kX and Rtot ¼ 184 kX;
c,d experimental results for Rtot ¼ 20 kX and Rtot ¼ 184 kX).
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duces additional damping that is desirable for passive vibration
control, but not for active vibration control as in our case when
the piezo-voltages are manipulated with a resistive network. The
experimental results show the same effect: the peak response close
to the resonance is 0:24 mm (c.f. Fig. 6d and Fig. 6c (Rtot = 20 kX),
where the peak is 0.25 mm). If the control action is turned on, it
is approximately 0:06 mm at t ¼ 32 s (Fig. 6d). An interpretation,
why the shape control performance deteriorates, if the total impe-
dance of the circuit increases, can be easily given if we introducea
c
Fig. 7. Simulated harmonic frequency excitation (Bernoulli–Euler beam) athe non-dimensional number p1 :¼ CtotRtotx (this number is
extracted from (4) and (5), see also Schoeftner and Buchberger
[23]). This number reﬂects the dynamics of mechanical and the
electrical domain. The dynamics of the electrical part, which con-
sists of the capacitive (= piezoelectric patches) and the resistive
elements (= shunts of the circuit), is governed by the time constant
selec ¼ CtotRtot, where the total capacitance is equal to Ctot ¼ NCp.
The time constant of the mechanical excitation is smech ¼ 1=f . So
the ratio of both numbers yields the non-dimensional number
p1 :¼ selec=smech:b
d
t the ﬁrst resonance f ¼ 18:8 Hz (a,b Rtot ¼ 20 kX; c,d Rtot ¼ 184 kX).
a b
dc
Fig. 8. Measured harmonic frequency excitation at the ﬁrst resonance f ¼ 18:8 Hz (a,b Rtot ¼ 20 kX; c,d Rtot ¼ 184 kX). Above screenshots for the uncontrolled and shape
controlled conﬁgurations are shown from the laser scanning vibrometer (Polytec PSV 400-H4) for Rtot ¼ 10 kX.
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shape control technique works perfectly. As long as p1 	 1
holds, i.e. when the dynamics of the electrical parts is much
faster than the dynamics of the excitation, the shape control
methods works well. In our case, an excitation close to the ﬁrst
resonance yields smech ¼ 1=18:8  0:053 s. Using the low
impedance circuit with Rtot ¼ 20 kX, one ﬁnds selec  0:0082 s,
yielding p1 ¼ 0:15. This means that shape control is a proper
method to control the vibrations for the low impedance circuit.
 case p1  1 ðselec  smechÞ or p1 
 1ðselec 
 smechÞ: The high
impedance circuit (Rtot ¼ 184 kX) yields selec  0:075 s, from
which p1  1:42 follows at the ﬁrst resonance. Consequently
the damping performance of the shape control method is less
efﬁcient than for the low impedance circuit. The case p1 
 1
only occurs in the theoretical study for higher frequencies, see
Fig. 3: the second bending eigenfrequency f 2  135 Hz yields
smech  0:0074 s and p1  0:075=0:0074  10:1. The dynamics
of the excitation force is much higher than that of the electrical
circuit, so our technique fails to reduce vibrations.
The conclusion from this brief discussion is: from a theoretical
point of view, it is advantageous to choose the resistance of the
circuit as low as possible. In practice, one faces at least one major
practical limitation: the maximum current of the voltage supply
for the actuation of the piezoelectric patches is listed in the data-
sheet of the device: the output current range for the TREK
high-voltage ampliﬁer is 5 mA. This means for our example that
the circuit resistance must be Rtot P 1:35 kX if the maximal
voltage is V0ðtÞ ¼ 6:76 V. Neglecting this limitation may causesevere damage of the device and/or an unstable reference voltage
V0ðtÞ.
The Figs. 7 and 8 show the responses of the system when the
tip-load excites the system at its resonance. The one-dimensional
Bernoulli–Euler simulation results for the low-impedance
circuit ðRtot ¼ 20 kXÞ are discussed ﬁrst (Fig. 8a and b): during
the ﬁrst ten seconds, only the tip-load deforms the system
(F0 – 0; V0 ¼ 0). At t ¼ 10 s the controller is activated by prescrib-
ing the necessary sinusoidal reference voltage of 6:76 V (shape
control). During the control phase the deﬂection is lowered by 95
% (0:24 mm to 0:012 mm, compare Fig. 3b with Fig. 7b) in the
numerical simulation. In the experiment (Fig. 8a and b) the
harmonic vibrations are reduced to 0:016 mm (94%). The attenu-
ation is signiﬁcant compared to the uncontrolled beam, when the
vibrations are 0:26 mm. Similar tendencies between numerical
simulation and experiment can be drawn for Rtot ¼ 184 kX
(Figs. 7c, d and 8c, d). As discussed before, due to the higher
impedance of the electric circuit, which yields the same orders of
magnitude for the electrical and the mechanical dynamics
selec ¼ 0:075  smech ¼ 0:053, the shape control performance is less
efﬁcient than for the low resistive circuit. Vibrations are less
reduced, but the reduction is still 65% for the one-dimensional
numerical simulation (reduction from 0:22 mm to 0:076 mm)
and 75% for the experimental veriﬁcation (reduction from
0:25 mm to 0:059 mm). The discrepancy between numerical and
experimental results is minimal for the case, when the
low-resistive circuit is used for the control of the beam motion.
For the high-impedance results, the difference is in the range of
10 %, which is acceptable for this simple experimental setup.
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In this contribution, a new shape control method for beam
vibrations has been presented. We perform shape control with a
slender elastic structure equipped with piezoelectric patches on
its surface that are connected to a resistive circuit. Based on the
knowledge of the static inﬂuence functions of the external loads
and the piezoelectric patches, which lead to a certain displacement
of the beam, we derive relations how to design the resistive net-
work and the control voltage so that beam deﬂections are perfectly
nulliﬁed in the static regime. Then we extend this method and
show for transient vibrations that our proposed shape control
method may be also successfully used to reduce beam vibrations.
Our one-dimensional results based on the beam model are com-
pared to three-dimensional electromechanically-coupled ﬁnite
element results in ANSYS, showing a noticeable agreement. The
main focus of our work is the practical realization and the valida-
tion of our control method: an experimental setup of a tip-loaded
cantilever beam is realized to verify the shape control method. The
beam is harmonically excited at its ﬁrst bending mode and also
several frequency sweep excitations are performed. It is shown
that bending vibrations around the ﬁrst bending eigenfrequency
are approximately 94% less than in the uncontrolled case, using a
low-impedance circuit (Rtot ¼ 20 kX), and 75% when a
high-resistance circuit (Rtot ¼ 184 kX) is linked to the patch
electrodes.
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Appendix A
The datasheet of the piezoelectric material is available on the
website of the manufacturer PI (physikinstrumente) [31]. The
material for piezoelectric patches used in our study is called PIC
255 and is a type of lead zirconate titanate:
 Density (kgm3): q ¼ 7750.
 Elasticity components in Voigt notation (Nm2):
C11¼C22¼123:00 109; C12¼76:70 109; C13¼C23¼70:25 109;
C33 ¼ 97:11  109; C44 ¼ C55 ¼ 22:26  109; C66 ¼ 12 C11  C12ð Þ ¼
23:15  109, remaining components Cij ¼ 0.
 Piezoelectric components in Voigt notation (Cm2):
e31 ¼ e32 ¼ 7:15; e33 ¼ 13:7; e24 ¼ e15 ¼ 11:9, remaining
components eij ¼ 0.
 Permittivity components in Voigt notation: j11 ¼ j22 ¼
16490; j33 ¼ 17500; 0 ¼ 8:854  1012 CV1 m1, remaining
components jij ¼ 0.
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